Abstract. Algorithms based on Khatri-Rao (K-R) product improve the degree of freedom (DOF) of virtual arrays and thus more source angles can be estimated. However, the estimation accuracy is not satisfying. In this paper, a method considering spatial sparsity (SS) of sources in K-R subspace is proposed to estimate direction-of-arrival (DOA) angle. The spurious signal of the virtual array is obtained in K-R subspace and then the DOA angle estimation is finally equal to the solution of a convex optimization problem. In the proposed K-R SS method, high estimation accuracy is achieved by taking advantage of the cross-covariance matrix information. Simulation results demonstrate the effectiveness of the proposed method.
Introduction
A number of high-resolution techniques for direction-of-arrival (DOA) estimation in radar, sonar and wireless communications have been proposed in recent years [1, 2, 3] . However, the majority of these techniques are confined to detect lesser sources than sensors, i.e. the maximum number of sources which can be resolved with a uniform linear array (ULA) of N sensors is 1 N − . To solve this problem, virtual array is produced by adopting non-uniform array and special algorithms to increase the degrees of freedom (DOF) of array. The existing two typical algorithms to produce virtual array is fourth-order cumulant [4] and K-R product [5, 6, 7, 8] . Compared with algorithms using fourth-order cumulant, algorithms based on K-R product are more computational efficient and fewer snapshots is required. However, there are still some problems about K-R product based algorithms.
In K-R subspace, by vectoring the covariance matrix of the original echo signal, the equivalent echo signal of virtual array is obtained, i.e. the spurious signal. Although the spurious signal has a similar form of the original echo signal and consists of signal component and noise component as well, the difference between the two signals is not only the dimension of steering vector, but also the signal-to-signal coherence and signal-to-noise coherence. Moreover, the noise component of spurious signal is obviously not Gaussian white, which breaks the basic assumption of most DOA estimation methods. One solution of the foresaid problems proposed in [7] is called K-R MUSIC method, in which spatial smoothing algorithm is utilized to work out the coherence, and then the traditional multiple signal classification (MUSIC) algorithm can be used to estimate DOA angle. The limit of K-R MUSIC is that the number of sources is required in advance and the expected estimation accuracy is barely achieved. The other solution proposed in [9] is called K-R CS method, in which compressed sensing (CS) theory is used to avoid the influence caused by coherence and DOA angle estimation is obtained without knowing the number of sources beforehand. Whereas, false peaks make a bad influence on K-R CS and even let it fail in a low SNR condition.
In order to obtain high estimation accuracy and a stable performance in bad electromagnetic environment, a DOA estimation method in K-R subspace is proposed based on spatial sparsity of sources in this paper. To decorrelate signal-to-signal coherence better, the covariance matrix information and cross-covariance matrix information of virtual sub-arrays are fully utilized via weighted summation. After that, the unknown noise and signal-to-noise coherence can be solved through the weighted matrix determined in the light of spatial representation theory. It is noted that the proposed K-R SS method does not require the prior information of source number.
Signal model
Consider aN linear array impinged by D narrowband sources from directions{ 
where ⊗ is the Kronecker product. A significant property of K-R product proved in [6] 
K-R SS DOA Estimation Method
Based on the property of K-R product, the Eq. 2 can be rewritten as 
where KR A is the manifold matrix of virtual ULA and ′ I is the noise. In order to maximize the DOF of array to improve estimation performance, a two level nested passive array with N sensors provided in [7] . Since the signal-to-signal coherence makes the covariance matrix of z a singular matrix, spatial smoothing algorithm is applied to recovery the rank of covariance matrix. In this case, the virtual array is divided into Nf sub-arrays and each one has Nf virtual sensors.
The spurious signal of th j sub-array, which corresponds to the (1)th −+ Nfj to (1)th −+ Nvj rows of z , is thus denoted as 
Rzz
is the covariance matrix of z and
.
Furthermore, for better performance, the cross covariance matrix information of sub-arrays is added by weighted summation, and the full-rank covariance matrix of sub-arrays is rewritten by By utilizing the spatial sparsity of sources, W is constructed as
where the signal vector ˆ∈ £ P p is K -sparse using the direction grid P , i.e. p has at most = KP non-zero entries (let = KD in this paper). ˆd iag() Λ =p is a diagonal matrix with the sources information contained by elements on main diagonal in K -sparse, and
is the over-complete dictionary matrix for virtual sub-arrays.
Therefore, the DOA angels estimation, which is thus equivalent to the recovery of p from :
However, Eq. 11 is combinatorial and computationally intractable except for small problems, and one commonly used approach is to solve a closely related 1 l -minimization problem 
Eq. 12 is thus a convex optimization problem [10] and can be rewritten as is the real DOA angle and î θ is the estimated one for the th i source. It can be seen from Fig. 1 that K-R SS method proposed in this paper outperforms K-R MUSIC method and K-R CS method, which is due to the added cross-covariance matrix information. K-R SS method has higher estimation accuracy than the others, and it also has better robustness than K-R CS based method even in low SNR condition.
In the second simulation, the probability of successful estimation is taken into consideration. Because of the high RMSE of K-R MUSIC method showed in Fig. 1 , only the successful probability of K-R CS and K-R SS method are compared. If the array elements spacing is longer than a half wave length, false peaks may appear. A successful estimation is thus defined as an estimation without false peaks and the probability of success is the ratio of the successful estimation to the whole Monte-Carlo simulations. As shown in Fig. 2 , the probability of success with K-R SS method is compared with that of K-R CS method when the SNR varies from -10dB to 0dB. Obviously, the success probability of K-R SS method is much higher than that of K-R CS method. Finally, the success probability of K-R CS method catches up with that of K-R SS method at 0dB. It indicates that K-R SS method outperforms the K-R CS method in low SNR conditions. 
Conclusions
We have developed a novel DOA estimation method, which called K-R SS method in this paper. On the basis of having the capability to detect more sources than sensors via K-R product, a higher estimation accuracy is achieved by spatial sparsity of sources because of the added cross-covariance matrix information of virtual sub-arrays. Simulation results imply that the proposed method outperforms the previous ones.
